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Vibration characteristics of rotating thin-walled cylindrical shell.
comparison of finite element method with analytical solution

WANG Neng-mao'*, WANG Yan-rong'*

(1. School of Energy and Power Engineering,
Beijing University of Aeronautics and Astronautics, Beijing 100191, China;
2. Collaborative Innovation Center for Advanced Aero-Engine, Beijing 100191, China)

Abstract: Analytical solution and finite element method were used to study the influence
of Coriolis force and centrifugal stiffening effect on the vibration characteristics of rotating
thin-walled cylinder structure under different constraints. Results show that the finite ele-
ment method to calculate the natural frequency of the thin-walled cylinder structure, com-
pared with the analytical solution, has deviation under different static boundary conditions.
Results of the two methods fit well for simply supported boundary conditions. With the in-
crease of rotating speed, travelling wave frequency curves of backward wave and forward
wave were clearly separated, and the trend of separation decreased with the increase of circ-
umference wave number. Because of the influence of centrifugal stiffening effect, compared
with to the case of only considering the effect of Coriolis force, the travelling wave frequency
of rotating thin-walled cylindrical shell will increase, and when the rotating speed and circ-
umference wave number is larger, the forward and backward traveling wave frequencies are

greater than the static natural frequency.

75 B #A :2015-07-10

TEB B £ 1989 ) I bk . BN M2 K LA M SRS IR S5 PR T 5T

SI e E AR EAE SR, % ol e B AL IR Sl etk o BT R S R AT A B 0 L (D). s 3 2 k. 2017, 32(3) £ 689-696. WANG
Nengmao, WANG Yanrong. Vibration characteristics of rotating thin-walled cylindrical shell:comparison of finite element

method with analytical solution[ J]. Journal of Aerospace Power,2017,32(3) :689-696.



690 LT

= % % i

LRV

Key words:

thin-walled cylindrical shell; vibration characteristics; Coriolis force;

centrifugal stiffening effect; finite element method

ey ) YR (58 A i L B 3 AL B T
TE A3 K AL rh R TR Tl L O R 4 R S B R
YR A5 . B Bl i ok iR IR ) R ES O ) AR e 5l
THERE 5 AT 7 A A [8) T i 28 (B0 A 17 9 3l ) 2 oy
P Y HERE 5 AT £ LA S) A RS R S i T RO
7 | 6L 1) A [0 490 102 3 ) 5 0 o e SRR A DI EE G o
B3 B 0 T v T O 5 [ R B R R
i 5 AR R R B AN W) B B IS ) 5 L T
B (B8] A 7 11 490 23 e LR 285 I 2 3 A T B 7
S BIPRS00 RS AT 98 o X1 i LIRS
T TG A R A5 XoF I ) 3 D (R A

XoF T S R AT 0 T RE B A £ L AT AR A
BT J7 5 43 B AR AN [ 30 3 26 0 T 09 4R 3 4
Leissa" Xt 72 (R 4R s HEAT T 48 3 58 10 25 3R . Sai-
to Al Endo™ i i = £ R KL A Galerkin ¥R 75 T
15 Ui [81 ST e 100 A 52 1) [0 3 %8, Lam Al Loy™™
%143 5% F Donnell, Fliugge, Love fil Sanders P4
ol S AR B i 75 3] 19 A iy 17 S 300 5 2R AR R A 5
194 4 7 BT J5 AT 9 8 PR HE AT T X HE. Lam FI Loy
B3-SRSO R KR IR 8 U S
728 b A5 PR ZRO0F [ A 58 76 A ] 320 5 2R R [ A 4 %
52 . LT Hua A1 Lam® R T SCRo R AL %
A IR A R B Bl R [ AT £ IR S A I 1 R
0. Evensen'™ % il Galerkin ¥4 #7 1 7 BE [5 35
R AE 2 v it Bk Bl , O 5 SR 25 R BEAT T OXT L.
Zhang " R WAL IR IL B T R G 2 A Mk 5
PR 53 A £ 09 % Bl ke vk TR E S T IR A R AR
B X I I A7 8 A5 6 1) 5% ). AR X e B v RE (5 A £
PSRRI ST A 56 Al B L LT Hua 5 Lam % A0
WEIE T 5 8 1k B 5¢ iR sh AR Pk T 5 & T M
A 1) S B Bk 2 . Lee A1 Kim"' fF
FE T A PRk R B A A B S e 3 B B S 1)
g &0 T /9 8 IR SR T S A R R
T R A AT 1 R X 300 5 2% A R IR T L A
PR Bt Xof R e A R AT SR A

R T BT 7k s A 8 A B AT R ) B Bl R )
B v R SR A% 0 0 1 . SCIRLC 1T J 86 T e ik
BV HE ST 18— MROE 2 58 AR B 7 TR T A% 3k 4
AT T BUE SR R AR Bh AR R T b 7SS AR
KAR PO JREAR b S H 0 5 55 A X AT I8 3l e 1 1
SO . SCHR L2 D) P A% 36 T I 10 25 4 T Joe 2 19
WEREST R IR A5 1T N [ A 005 AV 3h 200 T i AT

PR R R 3 1 AR IR Bl R LA B e (AR A1 BE T 1]
T 254 CRP% 35145 ) XoF [ 4 20 4R 1k 1 52 ). SR
LIRSS IE 45 T e 7o PR S 4 1) 28 M 330 vk

A BR IC 1 TE T & 55 AR I 3l R 1 1) 40 BT+ 11 iz
AR K72, Chen 28 A F) £ P 0L, % &
TR G B N K AR A R, R A R oG ik 4
BT v R e 2 1) W RE ST AR I PR Bl e L A5 3 1 S
b SC R A B 45 5. Guo 28 N\ SR B S 0,
2 PR YAl 1) A8 Y L R Sl v A BT T e e v
BESE PR SR L I 761580 o 25 08 1R I 3 2
B I 0 he ik I A R i TR ARTE 51 1 JL A JE 4R
PEREE . SCERLL6 J45 T A IR ocik T 544 3o
A R oo J5 2, 3 MSC/NASTRAN 1y
DAMP 155 iifil T8 ORI 7 5 1 5 850 W3 6
MR RE I W e B 7 R IR SRR PR EAT T 20T

SR B AR AS K Sl Bk 1 /B A B A5 A s
T R S it A L A IR Bl R L Gl R R A R
TCVE AEAT 4 2 AR e PR VRS . SR Ll A
B 0 H PP 2R 45 1 45 A I e 2 R 1o 9k 0 % /)
B £ 78— 22 1 25 7.

DR 20 RS T S e (B 5 1 [ 0 23 S T %
AR R SCHE ] RE 58 IR 22 B SE gt L 3
F Love Fe BB, Xt 5% ol i BE [ A £ 76 A (7]
FGAE T W AT B B R 2 S0l R ik B 75 AR
A BRICIEDY AT TS R AT R ORI AL A 1
Xof VLR (R AL o %9 JED 1 R B 1] R R R AT R AIT AR AT
DL AT SRR 4 s R B s A BR T R
2 T8 TR T SRR I R R A R 2L
BELJE % I 1) A 3 7 R A7 SR A R T A BHLJE R3S
A3 T » T LA Ay VS M A S R [ R B R S AT
WA R. TR R 7 LB 0 g %o ol B [ e i [
AR FFE RS2 08 IR TR E AR A W R T A
GERIN2E 5 RO AL AS & S ALEs A BT b i S 1/
BT BT AR Sh S B A o T iR S

1 3R R B R 3h o g%

L1 EAXFREREMBE

B gyl RE (R AT ARV QNI 1 s, o H Oy
B A 7 1 R FE (m) s R S 2F 42 (m) 5 L KB (m)
Q N 58 2 Tl S i A 3 (r/min) . 7EAE A2
P& 20z w0 Ml w 2350 S AL R AE 2.0 F 2
J7 1 B .



#3

FRE A T Sl RE B AT 15T IR Bl R < AT BROT Ik 15 A ik ) X L 691

P 1 e gl vl B ] A5 T

Fig.1 Rotating thin-walled cylindrical shell model

3 F Kirchhoff-Love {35 , 1A & ¥k ] £ B2
et 2k DRI i RE ST AR Y P i AR TR L 2
THERE S5 A6 1 5 Bl PR 55 L FE AT AR bR R T 5% 3 vl BE
[5R] A F6 l  JR] 1) R AR 1) 3 AN 1) b 1) B ) 2 B

Ay 5 R Al ek ot
IN,  aN,,
dx + R0 +
1 a1 9 g, 1
of L ,du 1 ow) _ Jd u
N”<R2 208 R (71‘> H r?
IN.y IN, Qo I u _
dx R?@Jr + Y ox00
y ) (1b)
oH (5 +2057 —0'v)
Q. | IQ Ny Ne Pw  dv\_
dx +Ra@ R + (aez ae>*
5 ) (1c)
““UU Jdu
aM
Hodr p B EERIAE MBS .8 Q. =—— +
aM oM., . IM, ,
”,Qg 5 “rRa” B0 518 A AG YT
x 0’
W 13 Ny = ‘oHQ R},pH o ,pH %7 ,pH j\]
1 2pHa sza —ﬁﬂEUJ s0HQ 0,

pH.Q“wj'il.%IDjj.

X R [ A R K G 1 IR L 4% 0 T AR L
FrIR A (9 SR 4R 7Y WK IR Y R K nT LA b 1)
3R T o BRI Ji] 1) = A1 eR R 25 T SOR i L 13
T e R A5 9 150 A T 119 5252 o A

u(x.0.t) = 2 ZUgéfZ(x)gof,(@,t) (2a)

m=1 n=1

o(x.0:0) = D > Vi (e (0.0 (2b)

m=1 n=1

w(as0,0) = D) > Wi (9.0)  (20)

Kb UV W 2 B WG AE Ry Bl 1m) 2 8
R JE A EL : ¢ (05 0) Ch=w s v, w) Sy T RE B 4 £ ]

I 4 71 pR B W Rk
0n(0:st) = ¢ (0,1) = cos(nf +wt) (3a)
¢, (0,1) = sin(nf + wt) (3b)
P o e Bl i RE B R T A B A AR AEL ¢, (o)
(k=0 w) Jhy B8 il 1 41 289 e 50 22 8 O
S it 1) % BRI 5 D

$u () = ¢u(z) = alcosh(Tx>+ a2cos<'1ii>—

O [agynh(%)—l—msin(%)} 4)
S i A A

i ¢ () = b ()
(i=1,2,3, D] i R F A E  RARTT
1) Wi a2 S-S(simply supported) i1 & 5514
An = Mwso, = loar = a, = a; = 0,a, =— 1

2) Wi [E % C-C(clamped-clamped) 31 7 254

cosh,, — cosa,,
.
sinhA,, — sinA,,

cosA,coshp,, = 1,5, =

a, — as — laaz = au =1
3) [ % -H i C-F(clamped-free) i1 L %1

coshg,, + cosa,
.
sinhQ,, + sinA,,

cosA,coshp, =— 1,0, =

a, =a; = lya, = a, =—1
TEEA 3 s B2 AT A [l el o] 2 P K om 1Y)
(BRI 57 Al v 47 282 o 501 A, A RT E BSO(E A 2R A
K 285 e& BAUA (D LR Galerkin %
TR 7 J5 FEAH AR Is 55 W] A5 ol BE [5
A FRT A [ A7 900 3 Ak 7
cn o e ] [U
€1 € C | |V [=0 (5
Cy1 Cyp sl LW
oy Gag=1,2,3) N 5 5 6 3l i RE B A 7 1Y
[ A A w0 Je 8 0 TLAT 2 BRI B 2 B G 1
JE KSR DA H 04 56, Bk ik R

2
‘ K n (1 — )
11 wZ+pPI[Tl ZRZIM }_(H\Q)'
1+ )
Ci2 — 777/1 c; = K ~ *B :
2pHRL pHRL L
(1+ L
J— [Kni’“‘ﬂuemz}n
20HR
2 ) (KR7+D><1*/1 n2>
To9 — N - To —_—
Coo w 0+ HR? > R
Dn n* Kn
Y, = T, — = |—
o pHRZ< ) JHR® 2
L
i =— K - T,
pHR



692 RS I VR %32 %
ﬁ(Tz;;)_pg%_mszQ L2 HEHEERREML SR
: L 2 LB e A X g %
= ot b (1 — a@ A TS B X B TS, Al O R
A , (1=
' fyp n\_ K D MW f=27Re |—F
DpHRZ<2TZ i) GHR pH TN E
s R TR AR A B T A R v 1 R
JL¢’<T>¢’”<1~>d1~ ARSI R S S % SCRR A, Bk A7 X e LR 1~
= 3 AL 1 FNER 2 23 A R IR S T W i SR
| ¢ g I U R 42502 . o o LA
L , L AR OS24 S 5 SR P 1 25 AR 22 /.
[[sog e | sog"rda
) = T = = ®1 BIERSHHEXESEEGNERY /LK
J()¢(I>¢(1‘)d1‘ J()¢<I>¢(1‘)d1‘ (m=1,u=0.3,L/R=20,H/R=0.05)
Table 1 Frequency coefficient f of thin-walled cylindrical

H1 75 A2 3 (5) 13 3 &% 2y i BE (5 AT fA7 3] A A ¢
45K A% 77 7

o T to'fto’f o+ =0 (6)
HoR2%0 B
B = cntcwm ey —4Q0 B =— 20 + )

ﬁa = ¢ ¢y oness ey — Crp0 —Cey —
C23C32 — 402611
[34 = 20Q(c1501 Fcrpeg — 1163 — i Cs)
ﬂs = C11C22C33 T CraCaz €y T Cr13C21Con — C13CanCy1 —

C11C23C32 = C12C21C33
i B 2UAT DUA Yl B R A R A 8 (2=0
r/min) B, B, = p, =0, H A 2 J5 2 N R FEL o” 1Y)
—JC IR AT RS 3 AR R
W :*%{24/612 *3[]COS|:0(+23*TE(Z'*1)}—|—Q}

7
a® —4. 5ab+13. 5¢
H azéarccos[ (a2*3b)%
2V BE ] 5 Bl ), — TSR O FE 2 (6) BT A
BUE J7 5T SR AT AR SR BB i Mat-
lab 3K fif LA 7 4, 149 21 [8 A 450K

};i:1,2,3.

shell at static simply supported boundary conditions
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